


f 


ns Cain 






Institutional Archive of the Naval Postgraduate School 


Calhoun: The NPS Institutional Archive 
DSpace Repository 


Theses and Dissertations 1. Thesis and Dissertation Collection, all items 


1977 


A reliability model for stored items requiring rework 


Bohannan, James Guy 


Monterey, California: Naval Postgraduate School 


http://ndl.handle.net/10945/18258 


Downloaded from NPS Archive: Calhoun 


| Calhoun is the Naval Postgraduate School's public access digital repository for 
F (8 D U DLEY research materials and institutional publications created by the NPS community. 
«ist | | Calhoun is named for Professor of Mathematics Guy K. Calhoun, NPS'‘s first 


lil \ KNOX appointed -— and published -—- scholarly author. 


http://www.nps.edu/library 






LIBRARY Dudley Knox Library / Naval Postgraduate School 
411 Dyer Road / 1 University Circle 
Monterey, California USA 93943 


a6 . 5. Li J i . = os ’ I 
\, A 1 4 ne I ‘ ey, ’ 4 <o 2 eats 
4 M) oh. , } Vee i wi ats " 
¢ V1 * iy At Oe. a Js " & ' 
' t) 4, q é e 


ae 11 ae Uae 
: Weth i: fs us 4 
; : Pale Fh Ls ‘yh wha ae + SAT Rove " Us 

a a rT] ‘ >" | ' y ints. sik 

A oii *; ¢ 3% a . yy a , 2 AY 

ve ; ‘ a , a i i "0 4\ 44 A = 2 ] ie P rede neh Soo oN he 
’ i | iv tas ' ‘ i 4 i F ¥ cm 1° 

. 1 ‘ A ; j 


Sat a, a ms ." hie Sieh 





















f, fi ot ; 
! nae co ne a as ee a 4g he ey es ae 
Wa F i i & i | i" ‘ t meek % + ' es aes Paulie Pi . . » MJ 
. 4% i a ae Y a. | | p. se eal aS Er Qer ay A, vt 
ie a 5 = ’ at : 
a : i es! i a8 he Toes Vets RNS ie 
’ > «| : “ar oi aang 4 by. ns * aaa 
1 fr i ' 8 ‘ « *% « i 2 ee ALM tage Le 
F » * 9. a " in Le 4 i] Be MS La Me eke a4 9,&e Ay oes 
‘ ‘ ' % ' Y eee 44 a Ys P a 4 Rae dicpeoys 1} 
0 wer i) V +} + ty 
‘ 4 ry 4 4 4 =e i= RAC Pays ery: 8 
‘ . ,a ' RS | =i wat ove eR hen Ls bo 
a4 ) ne tee on i 4 qq = bi Sa8 Oy spb rah & ee | 
F : ‘ 4 > : ' r; is ‘ a. ase al “ot \,' a! *¥e hy Me ivernty hel ca S 
7 7) we. r ip ey Od “A. ah by " et win th ¥ . a ast 14e me ara 
‘ ‘ hi “ s ’ ; ' ‘ % ! aa rT Ps ic “ad "Shen Ea ee tat rela mate ores 
‘ i ’ ' i > ’ Pry Be ua Py aed sn oh : Se 
ny a . ' a) P : , % “ veatt 4 4% AY a} Pay tp.” me on Givet. v" 
: rt » ‘ * a ‘ == ah ¢@ Ach TB pecgnats 
' ¢ q 7 ° eer hak 
4 ’ ’ A eh Me . » (mA a Ae a = =E4 <i ae ie aan od 
. & ' ' ; + ; ae _ 
i ' 5 « oa cm mata 3. % : 
- 4 mae af “ 
i ’ - - “1 4 : a sh +A * “5 ‘ ® be ($4 “pe ay * tes “atin 4 rae 
\ , 1 8 ‘ ' a 5 oN & he 4 a3 . 
; A es | r) y AY Do , ry on ! = - a 
- i ® s r i i i i | : = a) te She 
‘ Fs s » 4 "s » Y cae! ” Aw 
* . t 4 mate -. — » q aa ay th =A 5 aa 3 my a ae 
4 
1 s q : : ry 1 ai a a of * oi Bete 1. rb veae ees : 
‘ ' , ' ; , ts 204" ies = » Ww ~i = a . eyes . “hy Hed 
' t ‘ ’ + us | j a -. = pet - _ x ean ee * 
- ? ae : 4 : . 1 Ve _ ty ee Bey - mat re 5. 
; ° ; ' % yy i = bP ‘es oi i) t a > ver a ar z ahs - 
~ j i « Sm s 4 a a he ik 4 
2 i - - i ~ ee ay 
Mie . , ' ‘ . i = = ” ; ° ot} ma iz a ns > ho 
om = Wit. @., ov i vp — "ya vectra aed 
‘ a ws * a Se a8 
. re neh Y 
’ o \ ’ © a7 . al aig _ oe vty ety 
= . ‘ tote = a x 
4a as i —_— 
y . 4 = 4 ‘2 b Ce | - > i 
pane = ® hm 
om e a7 4) = , —_- = = 21 
‘ . $ re 3 § = 4 ,~ 5 
4 4 sa i oF i 
‘ . 6 ; 4 i 
4 i AM = : - s | 
4 ‘ , a 
. = = T 
: id y ; ‘ . a. =. vs 
° J ze, 
a ‘ e , " L : = * ‘| i a 
4 i 
A e . s : * = ' 
i = = _ - 
' . i 
. Ne i i 
i 1 
7 ’ s ; . | ! bee 
- % a r ~ 
Las a) = a : = 
» 5 a = — — “ 
ry e te _ 
a a 1 s i  - | ? 
Ty - * - i ™ a 
am _— ™” = 
. . . ! = 
. = = pt _ 
¢ 
» 4 ai * 
vi a | 
i] -_5 ae om i 
a ‘i — = 
’ 
> 
. 
6 
’ 
’ a 
. 1 
s e 
+ 
' ' 
e 
a ' 
) * 
a * 
' 
' i s ” 
8 
a3 e ' 
° ” 
a 9 ' A ry 
q 4 ¥ ” ; 
t y ’ 
e t ae : 2 al 
' “ s ’ y 
‘ : ak y se be 
® = m 
' 
‘ a PF " ' o 8 ? A 
oe : i . _ hae 
' 
° ’ ' » 
r] 
‘ ae ‘ Ps te 4 
a a ' > 
’ 
¢ 4 : | Fy 
“ ‘ ? ’ ’ n % 4 
fae ae ’ 2 8 : i oe : P, l= 
- Cy Qe 8 
* ° ry 
; je foo ’ , 
' oT] b - é é * a I 
bh » 4 ' 5 
: i a at 4 a ’ ' ¥ ” bode i 1: a3 1 
, Us oc ’ a d ¢ ' 3 
' 1 a r] ° A i Seer wo 
ee? ' ' Pe ie | a ib 1b fy 
. ‘ ; : . Baa wat u hey pe 
; on 1% ,a eg pe) “ : 
: te aa i ' rT “~~ = Db. a, bis 
° ’ i rs i] ‘ % Sty) 
He : eee opie. ot ane = # a afta a Fa . 7 pris rs ee ; 
Serna cee Senorita ime) +f Vn gs Vibes ae ¥ ft i Rig at. {196 
’ a a. ae it if #44 i pee A Ne 
] e . da ’ > ia a | ii oer ee en 
, ’ 1a 4 oF 4 oa a os ap ; ia ‘ | i : ty ite seats he 
oe ; ' 2 ‘ Os TK ey “ fs he ave, i “ty aft a2 ' 
i aa : 1 it i AA . * ie a aa, a | 14 only “5, ul an Pins 
, ' " ) ' ty ag. ae. ' ie Uo ve ian hit 3 igs’ vias 4 
' ai ' ! to» Ut & \ ' ets ee abby i Sb dat aie 
a ’ 3 Fy hh ¢ A ipals Wa. ee role if eas A 
‘ an. -4 ae , \ i iw A ue ies , 
. oF é ie oy ee 1% > fF i a Bais set ’ P 
at ae 3 {e ciee : — Vb, ad , ' 14, es pn 
t : a a. 3 Me “yh ¥ at Ee 
, a . "1 ’ a ie : ; P aby ae i 3 Mite wh i +i} ee i . ‘ ft it ¥" 
ieee 4 ay ~ ’ ey y, nl Wi ¥ 4 « pet ’ ere. 
: . > in? ‘ty ee 0 ulna , rr Mee é ™ ‘ wearee is a nF inept 
: ' 4 ’ yan viuy Fie wos ' ey i ad: ite tak Adee ry Wie 
nis ' ’ a | ni ‘ W iz! ¥ j Ae ty wear MN aes ci , 
’ F seater a , 4 pati ‘ Vaal aie Me 
ae RS a VaR AN Mochrie miata a 6 ee At 
; ' iy AE ee sh Chest ape, ‘ 
7 : bos ' y oP WR Ee BO Ra eee ee Vanikd ‘cee eit fancies 

















NAVAL POSTGRADUATE SCHOOL 


Monterey, California 





THESIS 





A RELIABILITY MODEL FOR STORED ITEMS 
REQUIRING REWORK 


by 
James Guy Bohannan 


March 1977 


Thesis Advisor: Glenn F. Lindsay 


Approved for public release; distribution unlimited. 


1177948 





SECURITY CLASSIFICATION OF THIS PAGE (When Date Entered) 
READ INSTRUCTIONS 
Dati | eel ee | 


. TITLE (and Subtitie) S. TYPE OF REPORT & PERIOD COVERED 


A Reliability Model for Stored Items Requiring 
Rework 











Master's Thesis; March '77 








8. PERFORMING ORG. REPORT NUMBER 










. AU THOR(e) 6. CONTRACT OR GRANT NUMBER(a) 







James Guy Bohannan 











10. PROGRAM ELEMENT, PROJECT, TASK 
AREA & WORK UNIT NUMBERS 


12. REPORT DATE 
March 1977 
5 


| 18. SECURITY CLASS. (of thie report) 
Unclassified | 


$a. DECLASSIFICATION/ DOWNGRADING 
SCHEOULE 


Approved for public release; distribution unlimited. 


: PERFORMING ORGANIZATION NAME AND ADORESS 


NAVAL POSTGRADUATE SCHOOL 
Monterey, California 93940 






- CONTROLLING OFFICE NAME ANO ADORESS 


NAVAL POSTGRADUATE SCHOOL 
Monterey, California 93940 


i MONITORING AGENCY NAME &@ ADORESS(Hl different from Controlling Office) 
NAVAL POSTGRADUATE SCHOOL 
Monterey, California 93940 













. DISTRIBUTION STATEMENT (of thia Report) 







- DISTRIBUTION STATEMENT (of the sbetract entered in Bleck 20, if different frem Report) 


- SUPPLEMENTARY NOTES 


. KEY WORDS (Continue on reveree cide if neceesary and identify by bicek number) 


Reliability Model 
Inventory Management 





. ABSTRACT (Continue on reveree side if necessary and identity by biesk mamber) 


A mathematical model is developed for a system of stored items which are 
periodically reworked to improve their reliability. Expressions are devel- 
oped for the expected reliability of the stored items and for the probability 
that the reliability of an item will exceed a required reliability. These 
expressions are developed first for the transient "start-up" phase where new 
items enter an initially empty system, then for the continuous rework phase 
where items are being reworked and returned to storage, and finally for the 









DD en 73 1473 EDITION OF 1 Nov 6618 OBSOLETE 


(Page 1) deme 2 OleBent | 1 sacUnity CLASSIFICATION OF THIS PAGE (When Dare Entered) 





SE CuMmTY CLASSIFICATION OF THIS PAGEWhen Dete Enteoras. 





20. Abstract (Continued) 


transient replacement phase where the old items are being replaced by new 
or different items. Numerical examples are presented to demonstrate the 
use of the expected reliability and probability expressions. 


DD Form_ 1473 
1 Jan 73 Z 8 eee 
S/N 0102-014-6601 SECURITY CLASSIFICATION OF THIS PAGE(*ROn Data Entored) 





Approved for public release; distribution unlimited. 


A RELIABILITY MODEL FOR STORED ITEMS 
REQUIRING REWORK 


by 


James Guy Bohannan 
Lieutenant, Unitéd States Navy 
B.S., California State Polytechnic College, Pomona, 1970 


Submitted in partial fulfillment of the 
requirements for the degree of 


MASTER OF SCIENCE IN MANAGEMENT 


from the 


NAVAL POSTGRADUATE SCHOOL 
March 1977 


— 








ABSTRACT 


A mathematical model is developed for a system of stored items 
which are periodically reworked to improve their reliability. Expres- 
sions are developed for the expected reliability of the stored items 
and for the probability that the reliability of an item will exceed a 
required reliability. These expressions are developed first for the 
transient "start-up" phase where new items enter an initially empty 
system, then for the continuous rework phase where items are being re- 
worked and returned to storage, and finally for the transient replace- 
ment phase where the old items are being replaced by new or different 
items. Numerical examples are presented to demonstrate the use of the 


expected reliability and probability expressions. 
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I. INTRODUCTION 

A mathematical model is developed in this thesis for a system of 
stored items which are periodically reworked to improve their reali- 
ability. In such a system the reliability of the stored items will de- 
pend upon the realiabilities of the items at the time of acquisition and 
the effectiveness of the rework. 

The system considered in this thesis consists of a quantity of 
Stored items together with a rework mechanism which acts to increase the 
reliability of items submitted to it. Such a system, as shown in Figure 
(1), might include a stock of ordnance which is acquired, stored, and 
periodically reworked but not expended except for war-time use. 

In this thesis, reliability is considered as an attribute of an 
item which deteriorates over time. If an item is removed from storage 
and tested, it is presumed that if the reliability of the item is suffi- 
ciently high, the item will work, if not, it won't. 

There are several ways to portray the effect of rework on an item. 
One way is for the rework mechanism to raise an item's reliability to a 
certain level which is independent of the item's reliability prior to 
rework. Raising reliability to a certain level is a plausible represen- 
tation when components or parts are replaced rather than repaired, such 
as batteries or prepellant crystals in rockets[{1]. Another way, and the 
one developed in this thesis, is for the rework mechanism to achieve an 
increase in reliability which is proportional to both the item's reli- 


ability before rework and the effectiveness of the rework mechanism. 





STORAGE SYSTEM 


containing N items 


with expected reliability 


E[R| 





rework rate 


REWORK MECHANISM 


with effectiveness a& 


restoring an item’s 


reliability to Rm 





FIGURE 1. The Closed Storage-Rework System 





This type of rework mechanism might exist where major assemblies or 
subassemblies are tested and repaired rather than replaced. Under these 
circumstances, it may be possible for such a rework mechanism to improve 
the item's reliability to where it is “better than new", as "good as 


new", or not as "good as new’. In this last case the reliability will 
continue to deteriorate until the items need to be replaced rather than 
reworked. 

An inventory manager, or combat planner in the case of stored ord- 
nance, might have a need to determine the expected reliability of a 
quantity of stored items and the probability that an item selected at 
random will have reliability exceeding some reliability requirement. 
This information could be used in developing a replacement policy or in 
determining the need to either upgrade the effectiveness of the rework 
mechanism or increase (or decrease) the rate of rework to establish a 
certain level of expected reliability. 

A general rework model is developed in Chapter II which relates the 
reliability of an item following rework to its initial reliability at 
acquisition, the number of times an item has been reworked and the "qua- 
lity" of effectiveness of the rework process. 

In the next three chapters expressions are developed for the 
expected reliability of the system and the probability that an item's 
reliability exceeds a given reliability requirement. The "start-up" 
phase is J seweaee in Chapter III. This is the special case of acquir- 
ing new items and placing them into the storage system, building up the 
inventory. The "steady-state" or continuous rework process where the 


Storage system is filled and items are being removed, reworked and 


8 





returned to storage is addressed in Chapter IV. The replacement phase 
where the old items are being removed and replaced by new items or old 
jtems which have been reworked through an improved rework process 1s 
discussed in Chapter V. Numerical examples are presented at the end of 
each chapter to demonstrate the use of the expected reliability expres- 
sions and probability statements. 

Conclusions and recommendations for further study are offered in 


Chapter VI. 





IT. DEVELOPMENT OF THE REWORK MODEL 


In this Chapter the general rework model is developed which will 
relate the reliability of an item following a rework to its initial re- 
liability upon entering the system, the number of times it has been re- 
worked, and the quality or effectiveness of the rework process. 

One way to represent the effect of the rework process is to have 
the process. improve an item's reliability R by a percentage of its re- 
liability prior to work. In other words, the process would reduce the 
unreliability (1-R) of the item by an amount « which may be considered 
a measure of the effectiveness of the rework process. 

The reliability of an item just after it has been reworked R. can 
than be expected as 


R. = R+a(i-R) ; 


or 
Rg = X+(1-a)R | Omit <4. 7 
(1) 

The interpretation of the rework effectiveness a is that the greater its 
value, the more effective the rework process. | 

One assumption made in this thesis is that all failures are random. 
This implies (1) that either there are no early failures or some form of 
"burn-in" is used to eliminate early age failure in stored items and (2) 
that either there are no wearout failures or the time to occurance of 
wearout is much longer than the projected unit operating time or time 
until the next scheduled rework. This seems to be a reasonable assump- 


tion for the system under consideration because the items are in storage, 
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not an operating environment, and removed from storage only for rework 

(or for expenditure in combat, if the items are ordnance). Because of 

this, the reliability function is then as exponential function le 
Let R(t) represent ae reliability of an item of age t. Then, be- 


cause of the random failure assumption the reliability function is 


-(a+b) 
R(t) =e 420 


The initial reliability Ro 1s 
- OX 
R,: Rlo)s= ee 
and thus 
~ bt 
R(t)= Roe Sas ele (2) 
The parameter b will determine the magnitude of the loss in relability 


during a storage period of time t. The value of b depends on the nature 


of the item stored and on the storage environment. 


If the system contains N items being reworked at a constant rate 
f/, then N/fP time units will be needed to "turn over" the inventory. 
Thus the age of an item selected for rework under the First In, First 


Out (FIFO) policy will be N/P , and its reliability R will be 


d|z 


Ree 


From (1) the item's reliability following the first rework will be 
Nb 
“~? 
Ry = a+ (4-a) Roe (3) 
This item will then have reliability 
_Nb 
a R, e 


immediately prior to its second rework and reliability 


1] 





o|2 


Rs = A+ (1- a) R, e 


following its second rework. Replacing R, by 
-Nb 


d+(i~x)R,e ~ from (3), the reliability 


Ro following the second rework becomes 
Nb 2Nb 


R,= A+ Coma Rian) oe 
Similarly, following the third rework; 
=e 
_ _ Ne 2Nb es 


Rae dtali-ale ~ + 4 (i-a)e biei-“) ee 


In general then, immediately following the mth rework, the 


reliability Na of an item will be 


met a iNb ee Gerais 
Rin = 2, [acai e “ |: Roli-a) © , (4) 
L=0 


for a closed system of inventory size N, constant rework rate £ and 
rework effectiveness & . Values of Me are shown in Table (I) for various 
values of Ro» A , and Nb/p, 

Two interesting effects occur in these numerical examples. The first 
is that as the reworks progress (i.e., as m increases) the effect of each 
successive rework is to restore the reliability of an item to that of the 
previous rework. Thus in these examples a steady state is reached by the 


start of the fourth rework and Rt] The second is that the impact of 


nm" 
the initial reliability is essentially lost by the fourth rework. These 


effects can be seen from expression (4) which is linear in the initial Ro: 


\|2 





TABLE (J) 
Showing the reliability Ra following rework m with initial 
reliability Ro? rework effectiveness & and reliability deterioration 


factor Nb/f 





Initial Reliability R, =0.8 


A =0.7 rework effectiveness A=-0.9 
pNpso= fot | 25 | 4 ft | 








By wd Us! 7 86] 
R, 907 873 
R 912 876 
Bin 913 876 







Initial Reliability R =0.9 
j 
4 =0.7 rework effectiveness A=09 


4 


Initial Reliability R, =0.95 | 


Onn 7 rework effectivene ss- 
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uNb mNb 


As m increases (and hence i) the terms er and e a 
become insignificantly small and add no contribution to the reliabil- 
ity Ra 

There are three possible conditions regarding the effect of the re- 
work process on the reliability of an item; namely, that rework makes an 
item (1) better than new, (2) as good as new or, (3) not as good as new. 
By considering the simple case (2) "as good as new", a relationship be- 
tween the initial reliability Ro and the rework effectiveness « can be 
determined. 

By setting the reliability following the first rework Ry equal to 


the initial reliability xe (from (3) above) 
5 


rN 


Ry > R, = A+ (en) ie on 
the rework effectiveness a , for the case where rework restores initial 


reliability, becomes 


~Nb 

Reais ene 

A= < 5 (5) 
4 - Ree a 
or 
i= se 
i-« = 
lo Rcd 


This result is depicted in Figure (2). Graphically, the interpretation 
is that in order to restore an item to its initial reliability, the re- 
work effectiveness (i.e., the quality of the rework) must increase as the 
initial reliability increases. The rework effectiveness can be enhanced 
by increasing either the rework rate ” or the rework capacity, by reduc- 
ing the inventory size N or by improving the storage environment, which 
would reduce the reliability deterioration rate b. Additionally the fol- 


lowing conslusions may be drawn: 
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for the reliability of an item following rework to be 


(1) better than new Ute eee ce) 
p Nb 
io ® 
a > —- 
4-R,e << 
(2) as good as new (Rms, = Rm) 
si 
_ e 
A = Re -e *) 5 
4-R,e = and 
(3) not as good as new ian <R,) 
te) 
R,(1-e ~ 
ag Ro(4-e 7) . 
tanec - 


The transient, or "start-up" phase, where new items are entering an 
initially empty storage system and no rework is being done, is discussed 
in the next chapter. Expressions for (1) the average, or expected, re- 
liability for the system and (2) the probability that an item's reli- 


ability are developed. 





Mitte idee oTART=UP" PHASE 


An important aspect of the closed storage-rework system under con- 
Sideration in this thesis is the "start-up" phase. What happens to the 
expected system reliability when new items are being introduced into an 
initially empty storage sytem? During the "start-up" phase the system 
receives new items into storage at an input rate » and no items are be- 
ing reworked. Figure (3) shows the system during the "start-up" phase. 

In this chapter, expressions for the expected reliability E rR | On 
the system and the probability that the reliability of an item will ex- 
ceed a required reliability will be developed. These expressions will 
aid an inventory manager or high level planner in developing a replace- 
ment policy or determining the need to increase the input rate to main- 


tain a higher level of expected reliability. 


heme EXPECTED RELIABILITY 

The expression for the expected reliability E | R | for the items 
in storage during the "start-up" phase will be developed by finding the 
distribution of reliability g (r) for the stored items and integrating 
it over the range of reliabilities for the items. By considering the 
system as static (ji.e., taking a "snapshot" of the system) at time t 
with n new items in storage, the expected reliability expression can be 
developed in terms of the number of items n in storage. Since the in- 
ventory manager presumably knows how many items he has on hand, he can 
then readily calculate the expected reliability for the system. 

Since the n items in storage arrived at a constant rate p, the 


distribution of age over the items is uniform; namely, 
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SIeORAGe oYSTEM 





currently containing n items 


with expected reliability 


E[R | 






Input rater 


SUPPLY SYSTEM 


providing items with 
initial reliability 


Ro 





FIGURE 3. The Closed Storage System During the "start-up" Phase. 
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Dicom Os fe n/p’ , 
An item of age t which entered the storage system with an initial re- 


liability RO will have reliability (from (2) above) 


R=Ree > oss n/p’, 


and thus 


ov 


4 a ek 
t= = (In Ro- In R) 5 Roe <a s R, 

In order to obtain the reliability density function g (R) a change of 
random variable is necessary, from time t to reliability R. 
From [3], g(R) = $(r)-1T| 
where the Jacobian J is dt/dR, or 

Je -41/bR 
From this, the reliability density function g(f) can be obtained as 

jf 

g(R)= Tor 

The expected reliability E [R | for the system can now be determined. In 


general, the expected value of R is (4| 


[Rr]: | Rg(R) dR. 


This becomes 








Re 
Re ye 2 
E[R}= | wee R= Fe [Re - Re 
go> 
or 
R. -2 
E[R\= = [1-e | 8) 


|? 
i] 


| 





Notice that the expected reliability of the stored items is directly 
proportional to the initial reliability Ro: Also, by letting d = nb/p" 


as the reliability deterioration factor, expression (6) is of the form 


Efrl= R, aaa 


as shown in Figure (4). Recall that this is in essense a "Snapshot" of 





the system during the "start-up" phase when it contains n items. 
Notice also that with n very small (early in the "start-up" phase) 
the items in storage have not had time to deteriorate much and therefore 


have an expected reliability very close to the initial reliability Ro: 


B. PROBABILITY THAT THE RELIABILITY OF AN ITEM EXCEEDS A MINIMUM 

RELIABILITY REQUIREMENT 

Another useful piece of information for the inventory manager or 
high level planner is the probability that the reliability of an item 
exceeds a reliability requirement R*. If he should have a replacement 
decision criteria involving a minimum acceptable probability Eee ) 
that an item will exceed the reliability requirement, then such a proba- 
bility statement will help him determine when replacement is required. 
Additionally, in the case of stored ordnance, a probability statement 
would enable planners to estimate the degree of success to expect from 
this stock of ordnance. 

If R* is the reliability requirement for the stored items, then the 
condition to assure that all n of the stored items meet this requirement 


would be 
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FIGURE 4. Expected Reliability of the Storage System During 


the "Start-Up" Phase. 
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Recall that n/p’ is a measure of the time that the first, or oldest, 
item has been in storage. If the required reliability R* is greater 
than the minimum reliability of the stored items, then the proportion 


of the items meeting this requirement is 





R, ie 
voy 
Rt R* 
or 
Qo R, 
P- (R > R*) > a In | ° (7) 


This probability statement must be used with care. Since the initial 
reliability Ro is usually greater than the required reliability R* and 
the minimum reliability is determined by the age of the oldest item in 
the system (i.e., n/ ), all the items will have reliability exceeding 
the requirement until the reliability of the oldest item deteriorates 
to the minimum required reliability. This occurs when 

nb 


ome pn’ 


wane = R* 


~ £48). 


with this, the probability statement (7) becomes 


or 





Lie 





P.(R2R*) ei ss 
Siegel» Stolm] sre 

where N is the total number of items that will eventually be in the 
system. 

Now by establishing some minimum acceptable probability Pr(R R*) 
that the reliability of an item will exceed a required reliability, the 
inventory manager can directly determine when the overall system pro- 
bability will fall below the minimum acceptable. Figure (5) show the 
general relationship between the probability Pr(R2R*) and the number ~ 
of items in the system for various ratios of initial reliability to re- 


quired reliability (Ro/R*) during the "start-up" phase. 


C. NUMERICAL EXAMPLES 

For the numerical examples in the remainder of this thesis, hypo- 
thetical values for initial reliability Ro? reliability deterioration 
nb/e’ and rework effectiveness 4 are used. A value of nb/p’ =0.25 
is used for illustrative purposes as it seems reasonable that the range 
of values for the reliability deterioration factor should be between 
0.01 and 0.5. At the lower end of this range, the reliability of an 
item will deteriorate barely 1% after entering the system, hardly enough 
to warrant commencement of rework. At the other end, with nb/jw’ =0.5, 
the reliability will have decreased almost 40%, which would certainly be 


cause to commence rework immediately or replace the items altogether. 
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Using this value of  nb/" =0.25 and initial reliability Rp=0.95, 
Figure (6) shows the probability that the reliability of an item will 
exceed a required reliability for the closed inventory system during 
the "start-up" phase. 

The development of equations continues in the next chapter for the 
expected reliability of the system and the probability of an item's re- 
liability meeting or exceeding a required reliability for continuous re- 


work cycles. 
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the Start-Up" phase. 
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IV. CONTINUOUS REWORK 


Once the storage system contains the requisite number of items N, 
continuous rework begins. Now, the oldest items are removed from stor- 
age, reworked, and returned to storage. This continues until the items 
are replaced by new or different items or expended. The items might be 
expended by disposing of them should they become obsolete or, in the 
case Of ordnance, using them in a war or for training. If items are re- 
moved at random, the system model is the same, with a smaller N. 

The items are reworked at a rate which is assumed to be equal to 
the input rate ~’. The assumption of a rework rate equal to the input 
rate seems reasonable if the manufacturing or supplying organization is 
also the rework facility as might be the case in ordnance or electronics 
plants. This assumption is not necessary if the reliability of the sys- 
tem need not be considered until after every item has been reworked at 
least once. 

In this chapter expressions for the expected, or average reliability 
E [R| for the system.and probability statements Pr(R2R*) that the re- 


liability of an item exceeds a required reliability will be developed. 


A. EXPECTED RELIABILITY 

One of the important thingsan inventory manager or combat planner 
might want to know is the expected reliability E as of all the items 
in storage. Such information would help him to decide when to begin re- 
placing the stored item, or upgrade the quality of the rework when the 


expected reliability falls below a selected level. 
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In developing the expressions for expected reliability it is neces- 
sary to keep in mind two distinct sets of items in the storage system: 
(1) those items which have undergone rework ™1 and (2) those awaiting 
the M+] st rework. With a total number of items in storage N, there are 
m items which have been reworked M+] times and N-n items which have 
been reworked only m times. 

The n items which have been reworked m+l times are considered first. 
The development of the expected reliability E [ R | expression for this 
set of items is identical to that of the "start-up" phase in the previous 
chapter. The age density function -,(t) is uniform: 

apy Gale OUT 293 Si yee 
An item of age t which entered the storage system with reliability 


R after the m+] st rework will have reliability 


m+] 
abt 
Rit) = Rw, € o<ts n/e , 
and thus ; “nb 
- 
4-2 (In Ray - IWR), Rye ~SRERA, . 


The Jacobian is still 


J: dt/yp = -41/bR , 


and the reliability density function is 


R 
9,(R)= TER 


The expected reliability for the n items which have been reworked mti 
times is 


nb 
ELR| = Ren RE [2° 8 a Y 
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The remaining N-n items which have been reworked m times are now 
considered. The distribution of age over these items is also uniform, 


but with an age density function of 





72) 
22; (3) oe njpstseN/p. 
Again, an item of age t will have reliability 
=be 
R= Ree nfp sts N/P , 
or 
Nb 


nb 
fo 


t= + (In Ren \n R) « ee Rs Re 


The Jacobian is still 
Js -i/bR 


and the reliability density function is 


y= 
oe (R) a (N-n)bR 


The expected reliability for the items awaiting the M+] st rework is 
~nb 
Re 


E (l= — aR, 


No 
eee 


2) Nb 
R,, ? Ea eee 
eeLR]: (N-a) 6 \e a | 10) 


or 


The expected reliability E [R| for the entire system is the sum of 
the expectations of the two sets of items multiplied by the fraction of 


the system each represents; namely, 
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e[R|= w Eilk] - oe ie) 


or 


E(R|- Rus teli-e* | +Rifle*-e | ap 


Notice that the average reliability of all the stored items is directly 
proportional to the reliability following rework (R and Beene and there- 
fore proportional to the effectiveness of the rework & and the initial 
input reliability Ro. Two other observations may be made. First, that 
if successive rework essentially restores the reliability of the previous 


= R_) as was suggested by Table (I) beyond the fourth 


rework (i.e., Rel See 


rework, then the average reliability becomes 


\ - oF | 


Second, when the M+l st rework has just started, implying n very 





small, the average system reliability will be very close to that of the 
items which have been reworked m times: 


hm, ELR] = 


Similarly, when all the items have completed the m+] st rework, the 





average system reliability becomes 
= 
fe Ele. la-e 


Now, by letting d = 7 as a factor proportional to the "turnover" 


time (or rework interval) and a= n/N, the average system reliability 
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expression (11) can be conveniently written as 


ad 


tm al | 


This expression will be graphically displayed in Figure (7) and 





discussed in the Numerical Example section at the end of this chapter. 


B. PROBABILITY THAT THE RELIABILITY OF AN ITEM EXCEEDS A MINIMUM 

RELIABILITY REQUIREMENT. 

As mentioned in the previous chapter, the probability that an item's 
reliability exceeds some required reliability R* is useful information. 
In addition to helping establish a replacement criteria for the items in 
Storage, a probability statement might be used to estimate the expected 
degree of success from a stock of ordnance. 

The development of the system probability statement is similar to 
that of the expected reliability expression, that is, by considering the 
two subsystems (the n items reworked ™+1 times and the N-n reworked m 
times) and then conbining the results. 

There are several situations which must be considered. One is where 
the minimum reliability of an item in the system Ree) ra 


(for rework m) exceeds the required reliability R*, That is 


{We * 
Re es ) 


Nb ¢ jy] Re 
fe R* 


In this situation all the items in the system exceed the reliability re- 


or 


quirement and 


Sil 





5) Ceres jae = ale ; 


A second situation is that the items reworked M times always exceed 


the reliability requirement, and the items reworked m+] times initially 


Se cccemencemeclUMncicitemUGulauelodiiabelow iit, 1.e€.5 R,.., > R* and 
-~Nb 

Re * <R”. In this situation the system will have 

R(R2R*)=H4 from the commencement of the M+] st rework 


until the time that the first item reworked to Rint] deteriorates to 


less than the required reliability. This occurs when 


nb 


Re * = R* 


or 





At this time the system probability Pr(R 2 R*) falls below 1. 


The proportion of the items meeting the reliability requirement is 








oe Daerah 
| Pe ae 
R* | 
R* 


thus 





Rens, ~ Py | mas 
P-(R2R*) = a Ia 33 | ee a (12) 
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Recall that expression (12) is true only for the N items reworked 
m+] times. The probability statement for the entire system can then 


be written as 








Gq @ deh), | [eet 
{ » OSn< z in| | 
Basie ee Gia) 
(1- =) + ia ina Rent es | Sone 
N Nb Feo) | DO) ieee Sins N 


for the boundary conditions: 


(ape oR. 7 RS 


~Nb a 
(2) Rae a > R™ 2 Eee, e 


ale 


This expression (13) states that all the items have reliability exceed- 
ing the required reliability until the number of items n reworked m+] 
times exceed an amount ( “/b) In (Ry /R*). This corresponds to the 
time when some of the items have reliability which is falling below the 
required reliability. At this point, the probability becomes linear in 
n with the term (1-n/N) representing the diminishing contribution of 
those items having finished only the mth rework, all of which have re- 
liability exceeding the requirement. The second term 

(/Nb) In (Ry /R*) represents the items reworked m+] nae This term 
resembles expression (12), but recall that n<N which means (/Nb<//nb) 
and the contribution of these items (reworked m+] times) increases in 
Significance as the m+] st rework progresses (i.e., as n approaches N) 


and the influence of the mth rework decreases. 
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The third situation which needs to be considered is the reverse of 
the one above. That is, the items reworked m+] times exceed the 
reliability required and those reworked m times do not. This might be 
the case when each successive rework restores the reliability of an 
item to level higher than the previous rework, or makes the item "better 
than new". In this situation ao Ro and the items reworked m+] 
times will have Pr (R2R*) = 1. 

The N-n items reworked m times now need to be considered carefully. 
Recall that once the m+] rework begins, rework m ends, and the items 


being returned to storage have reliability R The N-n items having 


no 


m+] ° 
input reliability Ro now have a maximum reliability Rye“ which is con- 


Stantly decreasing as rework ml progresses. Early in the m+] st re- 
work, many of the N-n items reworked m times will have reliability ex- 


ceeding the requirement. Once the maximum reliability for these items 
ay 


Rwe& © falls below the reliability requirement R*, the entire set 


oO 


will have reliability less than the requirement and then Pr (R = R*)=0. 
Until this occurs, at n2 (,/p) In CR, PRyy the proportion of 


items exceeding the requirement is a 
~ne 


Ras, Rme a 


z ee CE See 
q,(R) dk = cc ) ons S In) 
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R.. 
Rin Q* 
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or 
- PP Rm nb p Rm 
m nene) = 2s, | ee Ose < 2. §| (14) 


The probability statement for the system can now be written as 


v2) Ran : Py | Re 
Z tn (8s) See 3 


re R22): TS) 
( ) n eae ne N | 
N b R* 
for the boundary conditions 
CO Ba ee and 
Nb - ue 
(2jekweme - > Re a eee ~ 


Notice that the probability statement (15) shows the dominant effect of 
the mth rework until such time as none of the items reworked m times 
have reliability exceeding the requirement. Then the system probability 
becomes linear in n tending toward | as n approaches N. 

It is possible that the system probability Pr(R= R*) does not fall 
to an unacceptably low level under the conditions of expression (11). 
What must be done now is to investigate the fourth situation, where the 
minimum reliabilities resulting from both the mth and the M+] st rework 


fall below the required reliability. That is, 


ue 


< fe* : and 


(1) Ne e 
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In this situation there are four subsets of items which need to be 

considered: 

1. Items reworked m+] times, whose minimum reliability exceeds the 
required reliability. UNS OGetue during the early portion of the 
m+1 st rework when Re * 2R™ or né (P/oyW(R,,, /R*) . 
For these n items 

P(R2R*)= 42 | ons (7/b) In (Rey /R*) « 
2. Items reworked mtl times, whose minimum reliability is less 


than that required. This has already been described above as expression 


(12) or 





72) RR. f Rane) 
PR (R2R*) = 2 in| oo 4 2 in|] «ws N e 
3. Items reworked m times whose maximum reliability exceeds the 
required reliability. This situation is identical to the case described 


by expression (14) and can be expressed as 


PP Ran nb ie Rom 


4. Items reworked m times whose maximum reliability is less than 
the required reliability, i.e., Rm ae <R* or 
n> (P/b)\n (Rm /R*). This occurs toward the end of the m+1 st 
rework and 


P.(R2R*)= 0 ) Zin [Se] omen, 


Now, before these last four separate probability statements can be 
combined into one system probability statement, some relationship be- 
tween R and R atl must be defined. As mentioned in Chapter II, there 


are three conditions which may exist regarding the effectiveness of the 
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rework mechanism: 


(1) Roeae Ree ? 
an item “better than new", 
(2) a, 5 Rin 5 


an item "as good as new", and 
(3) 


not make an item 


R 


™ +1 


ae ee 


3 


as "good as new’. 


Considering each condition in turn: 








where the rework mechanism makes 


where the rework mechanism makes 


where the rework mechanism does 





(1) RR mnt Sin 
oa Rime o) S tae 2 {| | (16) 
No "TRe] ? b "L R* 
Rea ine 
Pr(R2R I) N 2 in[Be] one ln] Ro } 
x Res L R mney 
nf Som ) = In [Sat] ene N 
(2) ims, = Res & 
Sk 17 
p (rere) = So InfSe] » os nen. (17) 
(3) Rass an 
Rew +1 
~ in| 5 O<ns Ain S| 
(18) 
Rm imenei -” f° Reet P|. Ren 
P.(R2R*) = 2 |e | 3 in| sa < Eu) 
- |. Ee Vein oN 
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These three probability statements (16, 17 & 18) all have the boundary 


conditions: 


a 





Cee Ria Re, 


(2) Rat > R* ; 
Nb 
(3) Rae Ne oe aan and 
Nb 
(4) R Ot] e # Zante : 


C. NUMERICAL EXAMPLES 

Continuing the example of Chapter III, using initial reliability 
Ro = .95, reliability deterioration factor Nb/© =.25 and rework effec- 
tiveness A = .7, Table (I) shows the reliability R, of an item follow- 
ing rework m as R, = .922, Ro = .915, Re = .914 and Ry = .914. Figure 
(7) shows the expected reliability of such a system, commencing at the 
"start-up" phase, and continuing into the third rework cycle. 

As can be seen from Figure (7), the expected reliability E [R | 
decreases fairly rapidly during the "start-up" phase and levels off as 
the rework commences. By the middle of the second rework cycle, this 
system is essentially at the steady state condition. 

Figure (8) shows the probability Pr (R2R*) that an item will have 
reliability R exceeding a required reliability R* for the closed system 
from the moment new items of initial reliability Ro begin entering the 
system (the "start-up" phase) and continuing eA ouct the third rework 
cycle. It is readily apparent that by the third rework cycle, the pro- 
bability of an item of reliability R exceeding the required R* has be- 
come almost constant, and that steady state condtions have been reached. 

In the next chapter, the replacement phase is examined. During this 


phase, the old items are being replaced in the storage system by new or 
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or different items, and no rework is being done. Expected reliability 
expressions and probability statements, similar to those already 


developed, are presented. 
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V. THE REPLACEMENT PHASE 

The decision to replace the items in storage with new or improved 
items can be made for a variety of reasons. The old items may have de- 
teriorated so that they cannot meet the reliability requirement, or that 
they are simply beyond economical nanan The new items may offer 
greatly increased initial reliability or expanded capability ("more 
bang for the buck”). Or a new rework mechanism may be developed which 
has a greater rework effectiveness. 

This replacement phase may involve two different situations. The 
first is simply: to retain the old items and send them through an improved 
rework process. This is similar to the system shown in Figure (1), with 
the items being reworked to initial reliability Ro: The second situation 
is replacing the old items with new, as shown in Figure (9). In this 
situation, no rework is being performed until the system contains only 
new items, when the continuous rework process recommences. This rework 
process might also have been improved, in which case the effects of the 
improvement will be evident in the system after the new items are re- 
worked. 

In this chapter expressions are developed for the expected reliability 
of the system and the probability that an item will have reliability ex- 
ceeding a required reliability, during the replacement phase. 

For simplicity, the replacement phase is assumed to start after the 
third or fourth rework cycle commences. This implies that steady state 


conditions exist (i.e., R = Rm) and the shift from rework to replace- 


m+ | 
ment may be made during the rework cycle. The development of the expres- 
sions will also be appropriate for replacement beginning at the end of a 
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rework cycle. The effect here being that instead of items with reli- 
ability R at] entering the system, items with reliability Ro will enter 


the system. 


A. EXPECTED RELIABILITY 

Since the storage system "sees" only two sets of items, those that 
had input reliability Ne (the old items) and those entering with re- 
liability Ro (the replacement items), the system is essentially iden- 
tical to that during continuous rework. The expected reliability 
expression 1s developed in the same manner as in Chapter IV, and can be 


written directly from expression (11) as 
nb 


pr. ne Pi -25 
E[rR|= R- efi-e*|+Rn ale --« ~ cis) 
where n is the number of items in the system with input reliability Ro: 
Onceall the old items are replaced in the system, the continuous re- 
work process begins again. It is at this point that the effect of an 
increased rework effectiveness 4 will become apparent. Since no rework 
is being performed during the replacement phase (when new items are 
replacing old items), the increased effectiveness will be evident after 


the items go through the rework process. 


B. PROBABILITY THAT THE RELIABILITY OF AN ITEM WILL EXCEEDS A MINIMUM 
REQUIRED RELIABILITY 

The probability statements for the replacement phase are developed 
in a manner identical that in Chapter IV. It is possible that the in- 
put reliability R of the new items is less than the reliability RO of 


the old items immediately after the mth rework. This might be the case 
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where a new type of ordnance is being acquired at lower initial cost, 
but has lower initial reliability. In general, though, it is reason- 
able to assume the replacement items have a higher input reliability 
than the items they are replacing. 

This is the situation which will be discussed (i.e., RO?R,). 
Here, only two cases need to be considered: 


(1) where the minimum reliability of the new items 


‘on 
iy 
ee 


is always greater than the reliability required R*, and 
(2) where the minimum reliability of the new items falls 


below the required reliability. 


The first case was developed in Chapter IV and presented as ex- 


pression (15), which for this case becomes 


R -P te 
p ite <cn¢ — In| — 
in| ) eee ee 


b 
P. (R2R*)= (20) 
a ? 2 in ( 8] geneN, 
for the boundary conditions 
(1) R,> RV >R* and ; 
; _Nb _Nb 
- r=) 


(2) Rie > R* 2 Rn 2 


The second case was also developed earlier and presented as expres- 


Sion (16), and it becomes 
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The development of the probability statements for situations other 


than the one used in this discussion is relatively straight-forward. 


If the assumption of replacing the items during steady state continuous 


rework (or at the end of a rework cycle) is not made, then it is neces- 


wary to keep track of three sets of items: 


m+] times and the replacement items. 


those items reworked m and 


Also, if the assumption of 


RoR, is not made, then the development of expression (18) becomes 


appropriate for the replacement phase. 
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VI. CONCLUSIONS AND RECOMMENDATIONS 
FOR FURTHER STUDY 

A simple, closed inventory storage system from which the stored 
items are removed, sent through a rework mechanism to improve the item's 
reliability, and returned to storage has been investigated in this thesis. 
Such a system might be a large stock of ordnance which is acquired, 
Stored and reworked at regular intervals. 

A general rework model was developed where the effect of the rework 
is to improve an item's reliability by an amount proportional to the 
effectiveness of the rework and the item's reliability just prior to re- 
work. This model allows for a rework mechanism which may make an item 
"better than new", as "good as new" or not as "good as new. The numer- 
ical examples used suggested that beyond the fourth rework each success- 
ive rework restored the reliability of an item to the same level as the 
previous rework, in effect achieving a steady-state condition. 

Expressions for the expected or average reliability of the system 
were developed for the entire life of the storage-rework system from the 
moment new items enter an initially empty svstem through multiple rework 
cycles and concluding with the replacement -of the old, reworked items 
with new items, whereupon the multiple rework cycles would begin again. 
The probability that an item chosen at random might have reliability ex- 
ceeding some predetermined reliability requirement was also evaluated. 

There are several interesting areas which might be pursued in fur- 
ther study. One is to determine methods for measuring the rate of re- 


liability deterioration b so that the expected reliability expressions 
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and the system probability statements developed in this thesis might be 
useful to an inventory manager or high level planner. Another area is 
to investigate the behavior of the costs involved in the storage-rework 
system. 

There are certain costs associated with the acquisition of new 
items, the rate of rework and the effectiveness of the rework. One of 
the topics which might be addressed is the cost effectiveness of increas- 
ing the rate of rework versus increasing the effectiveness of the work 
to increase the expected system reliability. 

Another area which could be investigated is the effect of an input 
to and output from the system. Taking the example of stored ordnance, 

a determination of the effect of ordnance expenditure, say for training 
purposes, on the system reliability could be both interesting and infor- 
mative. Other areas of interest might be to compare a LIFO policy for 
expenditure vice FIFO and the impact of each on system reliability. 

A reliability model has been developed in this thesis for a system 
of stored items requiring rework. It is hoped that the results presented 
here will not only be useful to *RMARWORY TRMRGEPS and high-level plan- 


ners but will also generate further interest and study in this area. 
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